ON SOME TWO=-DIMENSIONAL PROBLEMS OF THE THEORY
OF FILTRATION WITH A LIMITING GRADIENT

PMM Vol, 31, No,5, 1967, pp. 820-833
V. M,ENTOV
(Moscow)

(Received May 24, 1967)

Problems of nonlinear filtration, i, e, of filtration not obeying Darcy's law, are studied
chiefly because of their great practical importance, Flows of paraffin-based oils, of oils
containing asphaltenes, of oil-water emulsions and even flows of water in mud solutions
(oil wells) are non-Newtonian and are characterized by smaller or larger deviations from
linearity in the relationship between the rate of filtration w and the pressure gradient
gradp.

The most important of all the nonlinear filtration laws is the, so-called, filtration law
with a limiting gradient,

grﬂdP:—“%‘Wng‘ (w>0), jgrad p| < v==const (w=0) 0.1)

This law was first used to describe the process of filtration of water through clay [1 and
2] and the filtration of visco-plastic (Bingham type) fluids [3 and 4], but its range of
application is much greater,

In particular, it holds within the intermediate region of rates of filtration (not too small,
but not large enough to exhibit inertia effects), provided that at high shear rates the rela-
tion between tangential stresses and shear rates is almost linear,

Wwith this in mind, we can apply (0. 1) to the majority of cases; the region of filtration
divides naturally into a region of motion where pressure gradient and filtration rate are
connected linearly, and stagnation zones where the fluid is at rest (or moves with negli-
gible velocities if(0,1) holds only approximately).In drilling for oil, stagnation zones
represent either the inaccessible regions, or the regions from which oil can only be extrac-
ted very slowly, Thus we see that determination of the extent of stagnation zones con-
stitutes a major problem in the theory of nonlinear filtration,

The formation of stagnation zones necessitates a rearrangement of the flow to change
the filtration drag and this is only possible in the systems of more than one dimension,

Below we construct a flow pattern and determine the boundaries of stagnation zones
for a number of symmetrical configurations of sources and sinks using the Chaplygin
transformation ( [6], also see [7 and 8] ), which was first used in problems of nonlinear
filtration by Khristianovich in [9](also see [10]). Rates of filtration in the problem spe-
cified above are reduced in the hodograph plane to a solution of boundary value problems
for a linear equation in a semistrip with a lengthwise cut, Estimates for solutions and
related estimates of the size of the stagnation zone on the physical plane, are obtained.
Limit solutions are contructed , which define the character of the flow near the tip of the
stagnation zone and make it possible to obtain simple lower estimate of its size,

We should note that related problems were considered in [5], however the form of the
law of filtration was changed to simplify it and the problem was subsequently reduced to
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the solution of Laplace equation in the region with an unknown boundary,

1, Basic equations, Let us consider a plane motion of an incompressible fluid
obeying an arbitrary (in general nonlinear) law of filtration which we shall write after
Khristianovich [9] i
grad A = — ~ D(w) (1= 3 (p + pg2) (1.1)

Here /X is the applied pressure, D is pressure, Pg and [ are specific gravity and vis-
cosity of the fluid, 2 is the vertical coordinate and % is permeability corresponding to
the linear part of the filtration law, Denoting the angle between the X -axis and the fil-
tration rate vector by 6 , we can write the equation of motion as

M oH (w cos 0) 0 (wsin 0) :
= —0(w) cos 9, By = @ (w)sinb, + 3 =0 (1.2)
Continuity equation will be identically satisfied, if the following stream function |

is introduced P
5¥=—wsin9, %%-—: wcos 6 (1.3)

As we know [9 and 10], filtration equations become linear if 0 and 8 are taken as
independent variables and | and A/ as unknown functions, Then the filtration equations
become [9 and 10]

2 0% N Y ¢ N Y
Go T W) g =0 O —wrg-=0 (1.4

from which we can eliminate /4 and thus obtain a second order equation for |

oy . wd(w) 0% D) w@@d @ _
£ + D (w) Owe + [Zw D (w) [® W] | dw o (1.5)

The most interesting filtration law is the law with a limiting gradient
Pw)y=w+r w>O0), 0I<Dw <A w=0) (1.6)
It is relatively simple and can easily be applied in practice, It presupposes the possi-

bility of formation of stagnation zones or regions, in which)= 0. Outside these zones
and within the flow, ( 1, 8) becomes

~M%¢0 4.7)

662

With the stream function | known, we can find / from (1, 4), which then assumes the

form
0 aH 0 H

Boundary conditions for (1, 8) or (1, 7) are formulated in the usual manner, the only
unusual feature being, that the boundaries of stagnation zones are both, stream lines
{ = const and the lines of zero velocity w= 0,

Finally, if § and A are determined in terms of w and 6 , then a line (' on the w0-
plane will be mapped onto the x}/-plane of initial independent variables by [9 and 10]

x___xo___S cos 6 dH + sxnﬂdw_mo S cos 6 dH+ smO dy
¢ &

w4 A

¢ z

sin 6 cos @ in @ 50
y=%—Swwm; ‘w_m~yﬁ—w'w dy  (1.9)

where ¥ and A are assumed to be given in terms of y and 6.
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2, The mapping of symmetrical regions, 1°, A plane problem of
nonlinear filtration can be solved by transformation of a hodograph,provided that the
XY -plane can be uniquely mapped onto a sufficiently smooth region of the 8 hodo-
graph plane, We shall consider several simple problems for which the above statement
holds, Consider two sources, each of intensity g at a distance of 2, from each other,
Then, the flow pattern will be symmetric with respect to the X - and }/-axes (Fig, 1) and
we shall have at the origin

w=0, |gadH|=0 (z=y=0) (21)

We shall assume that the functions | and A and their
first derivatives are continuous up to the boundary of the
region of flow, Then we can immediately infer from,
(2. 1), that the origin is surrounded by a stagnation zone
within which we have =0, pressure gradient is tan-
gential to the boundary and its modulus is equal to A ,
Hence, the critical points of the boundary (i, e, points
at which the stream lines containing the stagnation zone
meet), are cusp points (Fig, 1¢q).

The flow pattern of Fig,1¢ is easily mapped onto the hodograph plane (Fig, 1b), Second
quadrant of the physical plane becomes a semi-infinite strip with a cut ABCGDEA on
the 0 -plane, Length CF =@ of the cut is equal to the maximum value of the }/-com-
ponent of the filtration rate achieved at some point 7, We cannot exclude a priory the
case when the stagnation zone contains the whole }/-axis; in this case the point ' in
Fig.1a recedes to infinity and the point G in Fig.1} merges with (' and D .

To find § , we must solve (1, 8) in the region ABCGDE with the folilowing boundary
conditions ;
$=0 on ABCGD, V=% on B4, P= %(1 — 2—_(“;9)) on DE (2.2)

Last of these conditions follows from the fact, that at infinity, flow pattern coincides
asymptotically with that of a single point source of strength 2g .,

2°, We shall now replace one of the sources of the previous example with a sink of
the same strength, This produces an outer stagnation zone (Fig,2a).

Fig, 1
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Indeed, if we assume that the outer stagnation zone is absent, then we must admit the
possibility of appearance of a stream line of any length, By the law of filtration (1, 6),
difference of pressure 7 between any two points of a stream line cannot be smaller than
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AL where £ is the length of arc of this stream line, At the same time since the source
and the sink can both be surrounded by two closed equipotential lines, pressure drop
must be finite for all stream lines contained between these two equipotentials, Since
the flow is symmetric with respect to X -axis and antisymmetric with respect to y~axis,
the first quadrant of the physical plane again maps onto a semistrip in the hodograph
plane w8 (Fig.2b), Moreover,

P = 0 on ABC, P = 1/2(1 on DA, H = const on CD
which, with the second Eq, of (1, 4) taken into account, becomes

=0 onAaBC, V=129 on D4, P3O =0 onCD  (2.3)
The length of the segment CD =@ on the hodograph plane must also be determined,

Fig, 4 Fig, 5

The above two examples are typical both, as qualitative examples of flow patterns in
the physicla plane and as associated problems in the hodograph plane, A large number
of symmetrical source and sink configurations exist, which can easily be mapped onto
the hodograph plane 8 , For example, in the case of an infinite row of sources(Fig,3a),
the basic element ABCDE on the physical plane transforms into a semi-infinite strip
(Fig, 3b) ; here the problem of the stream function is not mixed, § = 0 on the boundary
ABCD and | = /4g on #'4 (Fig. 3b), Similarly we can map two parallel rows of sour-
ces or of sources and sinks, circular aggregates of sources and alternating assemblies of
sources and sinks encountered in oil-drilling industry in form of doubly periodic meshes
(so called five-, seven- and nine-point systems of well distribution), We shall give exam-
ples of mapping a 7 -source circular aggregate (Fig, 4), and an element of a five point
system (Fig, 5). In both cases, position of the end of the cut ¢ must be determined sepa-
rately,

3, Limit cases and estimates for solutions, 1% We have seen that a num-
ber of problems of great practical importance can be reduced to determination of the
function ¥ satisfying (1,7) in a semi-infinite strip 0 <8 <8, = const, 0 <W < with-
out a finite (first problem) or an infinite (second problem) segment, which are, respec-
tively § =8, , 0 <w<a and 68 =0y , @ <w <>, Here the boundary conditions are

¢ =0 (0= O L w < oo; w=0 0<9<61; 8=06, 0w a
V=00 —g 9)» w=0 6,<<O0<K<0), y=0Q@0=108, 0w <o)
3.1)

for the first problem and
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p=00=00=0, 0w<oo; w=20, 07039
P=0Q (0=0, a{w< o) (3.2)

for the second problem,

When the pattern exhibits an additional symmetry in the hodograph plane, then the
problem can be reduced to a mixed problem for a narrow semistrip,

It appears that, in general, only approximate solutions can be obtained, Simple esti-
mates can however be given for them, by utilizing the boundary conditions (3.1) or (3.2),
together with the fact that the maximum principle holds for the equation (1,7) (see e. g.
[11]). By this principle, the function | assumes its largest and smallest value on the
boundary of the region in which the solution is sought,

We shall now consider the first problem, for the solution of which we have an obvious

estimate 0 <<y (w, 0) << QO/ 6 (3.3)

The right-hand side inequality follows from the fact that Q 9/90 satisfies (1, 7) and
assumes values not smaller than | at the points of the boundary, Let us now vary the
magnitude of the parameter @ , Let @ and a’>a be two values of @ , and lety, and
VP, be the corresponding solutions, Then in the general domain of definition we have

wa' < ’Lpa (3-/1)
In fact, ¢, and ¥, coincide at all points belonging to the boundary of definition with
exception of the segment § = 6, 2 <<w <C a’ on which Y, >, = 0.
In particular we have Vo, < B, <o (3.9)

where |, and |, denote solutions corresponding to @ == and @ =0; inequalities (3. 4)
are, moreover, valid in the general domain of definition of the required solutions,

2°, In the following we shall also need some estimates of behavior of the solution
near the boundary of the domain of definition,

Let M be a general point of the boundaries of domains of definition of ¥, and ¥,
and let P be an interior point, Since by the boundary conditions y, (M) = . (M), we

have P () =y (M) =Py (P) =, (M) (3.6)

g (P) — g (M)]/ 1 fp 2> [y (P) =y (M)]/ 1y (3.7)

Here (¢ is a constant and rpps is the distance between P and M in the w9 -plane,
Going in (3.7) to the limit as P~} we find, that the derivative of ¥, with respect to
7 at the point on the boundary in any inward direction is not smaller than the corre-
sponding derivative of V,.. In particular, this is true for the inward normal derivatives,
The value of ¢ in (3, 7) should be chosen so as to exclude the trivial cases of derivatives
becoming zero or infinity, whenever such a choice is feasible,

On the segment of the boundary given by 6 = 0, 0<w <, direction of the inward
normal coincides with the direction of increasing 6 , and from (3. 7) we have

0K M, /008 <, /00 <o/ 00 << Q /0o (3.8)
where we have also utilized the inequalities (3, 3) and (3, 5) .
Similarly, when 6 = 8, and directions of increase of the inward normal and ot g are
opposite, we have
Q /00 << 0o/ 60 <P, /00 < O,, /00 < 0, / 00 < Q /(80— 01) (5.9)

Further, on the sides of the cut we have
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0, /00 < d,, /60 < (2.10)
on the left side (8 =8; — 0, 0Syw=@) and
Q/(By — ) = dp,/ 90 < By, / 80 < oy, / B (3.11)

on the right side (8 =8, +0, 0Sw=gqg).

Let us now follow the behavior of the solution at small values of i within the interval
050 <0, . The solution of (1, 7) becoming zero when =0 and when 6 =0, 60 =8,
has, on the segment 0Sw<q@ ,the form

mnO
P= 3 P (w) sin —5—~ (3.12)
m==1
where By (w) (£4(0) = 0) is a solution of the hypergeometric equation
W Ay A w— W)y — (um /02y =0 (3.13)
These solutions have the form (see e, g, [12])

P (W) = BpF (— ot -1 2, 0 4-2, 3, —w/A) = Bmu"lf"m (3.14)
where 0.y =TTM/6, , 7 denotes a hypergeometric function and Fam (w) = 1 when =0,
Hence, i b

’q’) = w? 21 I))ml' . (u5) sin 01 (0 <e < 91, 0 < w < 11) (3.15)

Thus, when 0=6 <8; , we have {/(0, wz) = O(wz) (w™0) and, assuming that Q=2
we obtain from (3, 7) :
0\<61]Ja,/6(1172)<31Pa/3(zt*2) (0<<O< 0y, w=0) (3.16)

The above argument is not applicable when @ =0, However, going in (3,16) indirectly
to the limit as @ 0 we obtain

IR 61pa, /0 (w?) << alpa [ O(w?) < Oy / O (w?) (3.17)
(0<0<68;,w=0)

This estimate is not trivial, since AV /9( w~) becomes infinite only at the point
8= 61 .

3°, Let us now examine the results which are obtained when the above estimates are
applied to the boundary of the stagnation zone i, e, to the stream line on which the velo-
city becomes zero, Relations (1, 9) cannot be directly used in this case, since dy and w
also become zero, If, however, we consider the stream lines i = const for small i, then
by previous estimate § = 0 (wz) along these lines, and

Scoqe dp

tends to zero as ™ 0, Consequently, for the stream line =0, relations (1, 9) become

cos0dll sin 0 dH
Rl e = I (3-18)

Using (1, 8) we can write (3,18) as

I o= a‘o——S————cose (‘Z—%’dw——cosew‘}'}” 9 do

w? w  dw

w4 A 6\]} 8

- 3.19
1,/:y0—5%€2—0%dw—s1119 ( )

Let the source be situated ar the point %4, 0. Ther, the nearest point of stagnation
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zone will have the following coordinates;

=2z, + S a‘p(w 0)‘? v yp=0 (3.20)

(since the segment 45 has the corresponding semiaxis 0 Sy <w , § =0 extending in
negative direction in the wG-plane). Taking into account the inequalities (3, 8) , we

obtain 00 o0
AT b, d oo d
0<S o’ 1;”<S_(,E‘Lw—";.<g—a‘g—°_$_ ®=0) (3.21)
0 0 0
and Ta < Tpe’ X ZBa X T, (3.22)

Thus, the distance between the source and the stagnation zone increases monotonously
with decreasing @ ; we shall show later that xp, < oo, hence this distance remains
finite as@ — 0,
Let us now consider, on its own, the boundary of
stagnation zone cotresponding to the segment
w=0, 05050, , Here we have

8 (3.23)
x(e)—x(()):xgcoscphm Lo%(@. ) o
w0
a=0 °° (:;
. — g(G)—y(O):kSsincplim—LMd(p
a0 W ow
Fig, 6 §

When O increases , then, by (3,17), X and Y
increase monotonously up to 8 =T7/2 , then }/ continues to increase , while X begins to
decrease, Second relation of (3,23) and (3,17), for 8, ST yield

0<C Yo (0) < (8) o (0) (3.24)
which together with (3,22) prove, that the corresponding branches of the boundary of
stagnation zones corresponding to various values of @ , do not intersect,

Indeed, we can easily show that the inequalities (3, 21) and (3,22) can be replaced
with the strict inequalities, so that, when @ <Q ’, then B, is situated to the right of By,
If, at the same time, the boundaries of stagnation zones intersect, then we have at the

point of intersection T, =, Yo =Yar, 6 >0, (3.25)

a

These, however, can easily be shown to be contradictory, Inequanties (3,24) and the
monotonous growth of 3 with increasing 8 imply, that the last inequality of (3, 25) shonld
be replaced with an equality, and (3,23) demands that (1 /w) 3y, / dw = (1 /w) Y, / ow
when =0 and 0 < 6 < 6,. But then the first inequality of (3. 23) implies that
T, — Tpa = Ty — Tper, which, by (3,22), contradicts the first statement of (3, 25).
Inequalities obtained by us imply, that the distribution of stagnation zones relative to a
source changes with decreasing @ according to the pattern shown on Fig, 6 illustrating
a flow in a wedge-shaped element of angle 84 , (On the physical plane, planes of sym-
metry of the flow, play the part of impermeable walls of the wedge), Characteristic
distance [, representing the distance between the source and an impermeable wall, in-
creases monotonously with decreasing @ from zero when @ = =, to infinity when @ = 0
(the latter part of this statement will be proved later), At the same time, the character-

a
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o
oF)
[or]

istic distance 45 changes from zero to some limit value [, which is reached at @ = 0 .
Tig. 6 suggests a very simple, although at the same time coarse, method of estimating
from below the size of a stagnation zone; if the source intensity & and the characteristic
distance [ are given, then the stagnation zone will be larger than the part of ine stag-
nation zone corresponding to @ = 0 which falls within the wedge (shaded part on Fig, 6},
This estimate will improve with increasing L (other condition remaining the same), If
on the other hand, [, <L. sin @o ,then the estimate becomes trivial, The limiting solu-

tion with @ =0 describes the flow structure near the cusp of the stagnation zone,

1%, All estimates obtained above referred to the first problem (Subsection 1°), but
estimates for solutions of the second problem (conditions (33 2) ) can also he obtained by
the same simple method, To avoid repetition, we shall formulate them briefly, We obvi-
ously have (using the previous notation),

Vo e T, S T 3206
and solution llro satisfies, in this case, inequalities
0 <o (w, B) < QO /0, (0 <8 <0y
0 <o (w, 0)<T QB —0)/ (B, —0,) (0, O <0y (0 Kw < ox) (3.27)
Futcner, we have on the boundary § =0, 0 <w<®,
0 fg«’)lpq, ’,’ 179 \< ﬁlp ﬁO \ alp[)/ 86 x Q /01 (328)
— Q /(B —01) Ly / 0 O, /00 LI, /00O for 0 = 0, (32.9)
On the sides of the cut 6 =8, , wW>a , we have (3.30)

Q /00 Oy [ 06 < Y, /90 < A, /00 (on the left side, § ==0; —0)
—Q /(8o —61) = 3Py / 90 > dyp, /06 > dp,. /00 (on the right side, 6 = 0; - 0)
Finally, for small 20 (w<@) we have an expansion analogous to (3, 13) (where 8,
should be replaced with 90) and, as before, we obtain the inequality
SOy /0 () Py )0 () Do /B () (0O Q) (3.31)
in which albo/a(w ) becomes infinite when 8 =6; ,
5°, As in the first problem, the estimates obtained lead at once to the corresponding

estimates for position of the boundaries of the stagnation zone, First, we note that the
position of the source relative to the sink is given by

cos By AP0, ) sin 6; oY (04, w
T —ry ,;__S e ! lpkd]e — dw, _'ij“S—;UTI'"w(—ale_)dw (3.32)
where integration is performed along the sides of the cut in the 4ZD direction, Rela-
tions (3, 32) give He1 A (0, w) \
rap = \3 oF T gp — dw| (3.33)
which, together with (3, 31), yields
o0
* 61])0(0. —_ 0_ !I') 0'\')0 (01 —v—- 0 w) dw Q Q 1
ZYTE o > = ls e

[£3

A distance between the source and the cusp of the stagnation zone, is given by
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¢ 00, (0 %) dw R
0<”Ba'—“’A<xBa*"”A:S TR ST (3.3

where, again, the inequalities can easily be rUepresented in a rigorous form,

The argument used to show that the boundaries of stagnation zones corresponding to
various ¢ do not intersect, can also be fully repeated, One difficulty arises, namely that
the case 8, <77 is now insufficient, If, however, we assume that 84 = 2TT and use the
argument given in Subsection 4° for 0 <0 <TT repeating it for the segment T<§ <@
in the direction away from the sink /7, then we easily obtain an inequality analogous to

3. 35 .
( ) OS2p —2py STp — Tpq STF — ¥, {3.36)

and the following important theorem .,

Wwith § and A fixed, width of the region of flow increases monotonously with decreas-
ing @ . The distance 45 between the source and the cusp of the stagnation zone tends
to a finite limit as ¢ 20, A solution corresponding to @ =0 can be used to describe the
flow near the point 5 and rough estimates of minimum size of the stagnation zone can
be constructed in the manner indicated in Subsection 3,

4, Limit solutions, 1°., We shall find now the limit solutions of the first and
second problem, corresponding to @ = 0, Their importance lies in the fact, that they can
be written in a sufficiently simple form, using elementary methods, Let us consider the
first problem, Putting @ =0 we armrive at the following problem: to find a function
V(w, 0) satisfying (1, 7) in the semistrip 0S8 <0, , W = 0, together with conditions

Y@, 0)=0, (0,0 =0 (0 <60,
6—06,
(0, 0)=Q 8, —0, (81 <0 < 09), Y w,8) = Q 4.1
Assuming that
Y, )= Q0O/0,4+ ¥y, 6) (4.2)
we find, that, when 8 =0 and 6 =84, {5 becomes zero for all w, while when w=0,
¥, (0, 9)=-—-—Q9/9° (0<0<61)
6,0,—06

%o 0=—F1P"T  @m<o<ey (*3)

Expanding the solution into a Fourier series we obtain

o0
‘Fo(w, B): 2 POm (w) Sin’-ne%g

(4.4)
m==1
where /5 (W) are the solutions of
wwh) Y ¢ w—2AY —amt/02Y =0 (4.5)
which become zero as y—*« and assume the value
2Q8, . 7m0
Py (0) = — B0 — 6y) mam? sin —5- (4.6)
when =0,
Solution of (4, 5) which tends to zero as i —*® , has the form
Ao\8 _
y=(w+k) F(s—1,s 2541, A/(@-+R), s=mm/0 %7

where /7 denotes a hypergeometric function, Using a well known integral representation



838 V, M, Entov

of F{see e.g. [12])

I S et M
e, § s i1 4.8)
Pl B 5 = "TET(r—p) S d—ayF i
and the condition (4, 6), we have !
20 amby A s+ ¢ £l —0tde
i e H J—
bm 10 0 —0) "8 wih Sww;.a_z}*“ @

Inserting (4, 9) into {4, 4), changing the order of summation and integration and sum-
ming a series appearing under the integral sign, we obtain

~ ) Q i ut -~k
Vo (o, B) T T Oy —0y) w A S( A ”1)

G

v

3 g, ta {0} 8, )
% Re {00378, v : i 2 0 dE - {440
: T / *iﬁ'?éﬁ:{ﬁnﬁa} fu, 1 J § a:: 78 ;eixz (58,1 1 8 {4 )
/8 M rllg) /B :
EERETS AR vii . AN ]
T D VA R DL Y E CE DN S
bt .

where ;
vt~/ 11— {4.11)

2°, Let us examine in more detail the solution corresponding to 84 = 28, =TT (the
very first problem on two sources), After simple transformations, (4, 10) becomes

1

W By 33 ooy 2ev
a1, BY = e .3 Y 3 Im li - v‘lezw = (412}
. " 3dE ; L ”e.::g 2%
AL sl (w A 1) At = 40 A ("’ + A 1) m 3 ks
g1 g At LT T e F x A J g2

The inner integral in (4, 12) can be expressed in terms of elementary functions, Let
us now establish the position of the stagnation zone corresponding to (4, 12), relative to
a source, Substituting (4, 12) inte (3,20) and (4, 2), we obtain

] 1

] {9 80 ¢ 1t dw

s T :.\ { A R /57-1‘775)3— dt] Wt (4.13)
i 1}

It is easy to see that the integrand in (4, 13) has a second order zero when =0 which
implies that the integral converges, Integration by parts followed by integration of the
inner integral with respect to v and change of the order of integration, reduces the prob-
lem to a single integration which yields

Py T 0014 Q /A= 1.62 Q / fh

To aid us in investigating the behavior of the boundary of the stagnation zone, we shall
now compute O ‘i’ /31w . Differentiation of (4, 12) yields

Efw«)»-—(;} 3{\!«»—-!"1 sine{{——zv%-«visin?iﬁ R .-.._u-)- -
{(a} (o -1 12 [1 4 2vicos 20 - v3]2 dt, o= A (445

(4.14)

5‘?& _ 8o i —
B [, 5
h

Putting W =0 we find that the resulting integral is equal to zero, hence 0Y,(0,6)/3w =0,
From (3, 23) we see that the coordinates of the boundary of the stagnation zone are
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given, respectively, by the real and imaginary part of the following integral:
9 9

C 1 9%, . A i 0o (w, @)

R I E

0

0

A
de = lim —~ I, (%£.16)
w0

We shall find first J, first, Integrating with respect to Vv instead of £ we can show
that the ratio Ie/ w remains finite when —0 and 8 #17/2 , while

1
im 7y /10 = _%5(1 ‘*")2[ 1T 2:2010520 TR i e
)]
(14 itg0) gy 22::53222266 - 14)2} di (4.47)
Calculating the integrals in (4, 17) and using (3, 23), we obtain
0y [ OB (5 )]
V(@=L tg0 [—’Z—%‘-‘:Te 4%—%%‘,’2%0] (4.18)

which are the required expressions, We see from them, that the limit stagnation zone is
unbounded as @ = 0 and consisits of two parabolic branches extending to infinity, On
the physical plane this corresponds to a flow about an infinite curvilinear wedge, The
boundary is shown on Fig, 7, where the points plotted are accompanied by the values of _
0 in degrees, The solution obtained is applicable to the problems mentioned previously
and it serves a double purpose ; first, it describes the flow pattern near the cusp of the
stagnation zone, second, it can be used as a zero approximation in deriving solutions cor-
responding to small @ by the method of small parameter,
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3°, We shall now construct a limit solution for the second problem, When @ =0 , the
strip 0 <8 <8, is split into two parts and solution can be obtained for each part sepa-
rately, by the same method, Therefore we shall consider a semi-infinite strip 0<w <,
0 <0 <8, , The required solution which becomes zero when 6 =0 and =0 and at g

when 6 =0, ,has the fom @, 6) = Q6 /6, ¢ ¥ (v, 6) (4.19)
where Y°(w, 8) =0 along the sides of the strip and
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¥°(0,0)=— Q8/96, (4,200
The solution can be expanded into a Fourier series
D
o ) L
¥ (w, 0) -= 2 P2 (w) sin ,9'1 (4.217

m=1
where Pom(w) are found in exactly the same manner as F4(w) for the first problem
(relations (4. 4) to (4, 9) ) and are

20 A A oo : —p (
P’ (w0) = (=1 g P 11\ O R 4 L o T R A ¥ (422

4

1

(p=mnm/0)

Inserting (4. 22) into (4. 21), interchanging the summation with integration and perform-
ing the summation of the series under the integral sign, we obtain
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where v is given by (4, 11),

Let us now consider the particular case 81 =TT corresponding to the source-sink pair

of equal intensity, Taking into account (4,23), we have
1

08 oo 0B 20 \ (1 — 02 1 vel®)ePdr ‘
L e A ) B Ll "’ A vy (4.24)
Derivative dy/36 is given by
oy £ 40 Aet? g (=)t
S T A\ (1 v (4.25)

6
Hence, the distance between the source and the cusp of the stagnation zone is given by
1

4Q ¢ dw S(t‘l){i~—2v——-t-ﬂ-vt—m(2v—1;]

Ly, —— L, = DA
‘i A A ) o(e--1)?
() iU

BT S ety dt  (4.26)
which on integration with respect to v and change of the order of integration, gives
Ty—x, =1.61Q /% =507Q/ akr (4.27)
To find the form of the stagnation zone boundary, we shall differentiate (4, 24) twice
with respect to 10 and pass to the limit as i =0, This gives

i
L4 Gwe 24Q( (1 1) [t cosO (L - 12)] sin® de

2(0) = lim = S5re TAR S (1 4 2tcos 6 + £2) (4.28)
0]

W >t}

Let us now compute the integral

e __Q [Bcosg(t—cosg) 3

it

-+

o
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+i l sing (1 — sintp) + Y <1 + Sy )-,} (4.29)
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From (4, 29) it follows, in particular, that

11
1¢=-.;%(cp2+ i Tg«v’) (1+0(¢?) wheng—0

20 1 .3 , -
I¢=—xz‘(‘ sinsg T 2sinzq>)(170<smcp)) when ¢ - xt (4.30)

Separating the real and imaginary parts of Icp , we obtain the coordinates of the points

of the stagantion zone z(9)=2p + 4 Rel, y(@=AIm I, (4.31)
Fig, 8 shows the stagnation zone boundary corresponding to (4, 29) (where the numbers
denote the values of ¢ in degrees), The solution obtained is asymptotically similar to
that obtained previously for the first problem,
The author extends his thanks to G, I, Barenblatt, M, G, Bernardiner and R, L, Salganik
for valuable remarks concerning the contents of this work, and to N, S, Turbanova and
T, N, Ivanova for performing the computations,
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